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ON THE ISSUE OF APPLYING THE PURE STRATEGIES SELECTION TACTICS
IN THE MATRIX 2x2-GAME

There are stated the foundations of the concept of the pure strategies selection tactics for the matrix
2x2-game. Also there are considered some features of application of the pure strategies selection tactics with
examples of the real 2x2 -game, when the game plays quantity is finite.

Preamble and the problem wording

Matrix games are the simplest mathematical model of real conflict-controlled systems and processes. Having
the efficient methods for determining the matrix game solution, there is deficiency of methods for realizing this solution
in action, when the matrix game is not solved in pure strategies, but solved in mixed strategies. Even in 2x2 -games
with the empty set of saddle points in pure strategies there stands the problem of how to practice the two probabilities in
the corresponding optimal mixed strategy

P=[p m]=[p 1-B]=[p 1-PleZ c{lp, m]eR’:p, e[0;1]Vk=12 p+p,=1} (1)

of the first player, and in the optimal mixed strategy

Q=[a &]=[a 1-q]=[q 1-d]e2, <{la @]eR*:qe[0:1]VI=1210-+0,=1 )

of the second player. Some angles of this problem are characterized in the paper [1], where the rationalized consecution
or the tactics of the pure strategies selection is considered. The conclusion of this paper is that for realizing the optimal
mixed strategies each of the players should not use a method of nonstochastic selection of the pure strategies. At the
same time each of the players may practice its optimal mixed strategies (1) and (2), modeling the pure strategies
selection with applying the independent variate, which is uniformly distributed on the semisegment [0; 1).

There in the paper [2] has been introduced the concept of the pure strategies selection tactics as a theoretic
groundwork for investigating diverse ways of the optimal mixed strategies realization in the matrix 2x2 -game with the
finite game plays quantity. There have been deduced the formulas for finding the normed averaged by some realizations
quantity mean payoffs of the first player for the fixed number of the game plays. There has been accomplished the
conversion to the new matrix 2x2 -game with the payoff matrix, which elements are the found normed averaged
payoffs. With the solution of the presented new game in the pure strategies, if existing, it is possible to determine the
optimal behavior of the players in the initial game with the finite game plays quantity. Now the goal is to view the
application of the concept of the pure strategies selection tactics in real 2x 2 -games with the empty set of saddle points
in pure strategies.

Application of the concept of the pure strategies selection tactics in real 2x2 -games

For further, the matrix of the game will be assigned as

h, h
vl o]
by
hyeR Vk=1,2,1=12, “4)
and the inequality
max {min {{h,, b, }, {hy,, hy, }}} <min{max {{h,, h,,}, {h,. by, 1} 5)

that means that the set of saddle points in pure strategies is empty. Under the paper [1] conception, the first player

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty
of Khmelnytskyy National University / 2008, N. 1



Applied Math

raffles the uniformly distributed on the semisegment [0; 1) variate X and calculates the number

sign(p—x)+1,.  _
p, =S () ©
by the value x of this variate. Clearly, that p, €{0,1} and if p,=1 then the first player should select the own first
pure strategy S,,. By p, =0 it selects the own second pure strategy S,,. Analogously the second player raffles the

uniformly distributed on the semisegment [0; 1) variate Y and calculates the number

0 :wwsign(ﬁ— )| ;

by the value y of this variate. Here again ¢, € {O, 1} and by g, =1 the second player should select the own first pure

strategy S,,. If g, =0 then it selects the own second pure strategy S,,. This mutual raffling and selecting the pure

strategies by the values (6) and (7) allows to get the convergence between the mathematical expectation of the first
player payoff and the game value

D ~ hll h12 q
V&)pt:PWQT:[ﬁ l_ﬁ].|:h h :|'|:1?q:|' (8)
21 22

Developing the stated, under the paper [2] conception both the players should represent the probabilities p
and ( in the formulas (1) and (2) as the two fractions

_a
-2 9
P=7 )
and
b
§=— 10
a=4 (10)
with the identical least denominators, where
aeN,beN,deN, a<d, b<d. (11)

Then the two pure strategies selection tactics of the first player may be formed as the d -dimensional binary vector

d
©,=[0, 0, .. 0, Bld]e{GleRd:9”6{0,1},29”261}. (12)
r=1

Obviously, that the pure strategies selection tactics (12), for further being abbreviated to PSST, is a single PSST from
d! d!

the set of C2 =————— PSST of the first player. A single PSST from the set of C} =————— PSST of the second
al(d—a)! b!(d —b)!
player is the d -dimensional binary vector
d
©,=[6, 0, ... 6,4, 0,]c {@2 eR’:0, {01}, » 0, = b} . (13)
r=1
Consequently, in the considered game both players may apply totally the quantity
! ! dty’
cicro 9! dr (dY) (14)

al(d—a)! bi(d—b)! alb!(d—a)!(d—b)!

of pairs of different PSST. May the set
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o, ={6,(1), ©,(2), ... ©,(Cci-1). ©(cs) (15)

of all C§ PSST of the first player be sorted by the following way. The elements of the set (15) correspond to the binary

d -digit numbers, which are sorted in descending order from the number
(11 .. 100 .. 0),=(0,(1) 0,(1) ... 0,(1) 0,..(1) 0,,(1) ... 0, (1))2 (16)
i()=1Vvi=la, 6,(1)=0 V j=a+1,d, down to the number

(00 .. 011 ..1),=
:(ell(cda) elz(C:) el,d—a(cg) el,d—a+1(C;) el,d—a-v-z(cc?) eld(C;))z (17)

with © (C§)=O Vij=a+ld, 91,i+d_a(C§)=1 Vi=1,a. Thus, the first element @ (1) of the set (15)

1, j—a
corresponds to the binary number (16), and the last element O, (Cj ) of this set corresponds to the binary number (17).
Analogously the set

0,={0,(1), ©,(2), ... 0,(C;-1), 0,(cy) (18)

of all C(? PSST of the second player is sorted as the elements of the set (18) correspond to the binary d -digit numbers,
which are sorted in descending order from the number

(11 100 .o 0),=(6,(1) 0,(1) o 05(1) 0yp(1) 0yp0(1) o O55(1)), (19)
with 6, (1)=1 Vi=1b, 0,;(1)=0 V j=b+1,d, down to the number

(00 .. 011 ..1),=
=(021(C0) 02(C) -+ 0160(CE) Oranu(CE) Brana(CP) - B:(CH)), (20)

with 62’j_b(C§)=O vV j=b+l,d, 62’i+d_b(C§’)=1 Vi=1,b. And here the first element ©,(1) of the set (18)

b.
corresponds to the binary number (19), and the last element ©, (Cé’) of this set corresponds to the binary number (20).
Providing that in a series from GeN plays [2] the players apply independently a pair of PSST
{@1(01), @2(02)} with ¢, e{l, Cj‘} and c, e{l, C:,’}, in the g-th play, g=1,G, the first player selects its pure

strategy by the pattern in the 2-element vector
Ti(c,9)ef[t 0l.[0 1]}, 21
and meanwhile the second player selects its pure strategy by the pattern in the 2-element vector
T.(c9) e[l oL [0 1]} (22)
If g <d then for 6,,(c,)=0 the vector (21) is
Ti(c. g)=[0 1], (23)

and for 6, (c,)=0 the vector (22) is

T,(c,. 9)=[0 1]; 24)
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for 6,,(c,)=1 the vector (21) is

T(c.9)=[1 0], (25)

and for 0,,(c,)=1 the vector (22) is

T,(c,, 9)=[1 0]. (26)
if g>d then both the players apply their PSST cyclically, that is by g=m+nd and m<d with ne N there will be

T(c.9)=T(c. m), 27)
T,(¢,, 9)=T,(c,, m). (28)

Due to the paper [2] results, the players for optimal selecting their pure strategies may either apply the values
(6) and (7), or apply their cyclical PSST (21) — (28). Incidentally, the first mentioned way of the selection may be
called the stochastic PSST. For evaluating the expected payoff of the first player in G plays, there is the necessity to

repeat these G plays for R times, where R e N\{l} generally. If both the players select pure strategies applying the
values (6) and (7), then may w;, (g, r; G, R) be a first player payoff in the g -th play by the r -th repeat of the G plays

series, where r =1, R. And then the normed averaged first player payoff is

1 R G
— W, , G, R)=V_,
VII(G’ R)_Vopt _ RG;; ll(g ) ’
|V = (29)
opt

|Vopt

v, (G, R)=

w,(9.r;G, R)=[p, 1-p,]-W-[q, l—qO]T. (30)

If the first player applies the value (6), and the second player applies the PSST ©,(c, ), then the normed averaged first
player payoff is

t

1 R G
%ZZWIO(Q, r;c,; G, R)—Vopt

Vi (€, G, R)-V,, 31

I\/opt P/opl

by a first player payoff in the g -th play by the r -th repeat of the G plays series with applying the PSST 0, (Cz)

Vo (Cy; G, R) =

Wlo(ga r;c,; G, R):[po 1- po]'W'I:Tz(Czs g)]T > (32)

where r =1, R. For the third case, if the first player applies the PSST ©, (Cl) , and the second player applies the value
(7), then the normed averaged first player payoff is

t

1 R G
%ZZWOI(Q, r;c;G,R)-V,,

V01(C1; G, R)_Vop =1 g-1 (33)

P/OPI |Vopt

by a first player payoff in the g -th play by the r -th repeat of the G plays series with applying the PSST ©, (cl)

Vo (¢ G, R) =

Wy, (9, r;¢;G,R)=T,(c, 9)-W-[a, 1-q,]', (34)
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where =1, R. At last, if both the players apply their PSST ©,(c,) and ©,(c,) as the independent elements in the
pair {@1 (Cl ), 0, (C2 )} , then the normed averaged first player payoff is

1 R G
— w ,rnc,c;G, R
V(6 62 G, R) V.. RGZ‘ZOOQ 63 G, R)-V,
|v (35)
opt

P/Opt

by a first player payoff in the g -th play by the r -th repeat of the G plays series

Vo (€5 €35 G, R) =

Woo(gs r;c,c,; G, R):Tl(cl’ g)'W'[Tz (Cz’ g)]T (36)

with applying the PSST pair {©, (c, ), ©,(c,)} -

Consequently, each of the players has two ways of making the considered game, when it applies the relevant
values (6) and (7), or applies a PSST. Then there is a new 2 x 2 -game with the matrix

V(c, c,; G, R)= % (G, R) Yio(€:; G, R) (37)
b Vo (€3G, R) vy(c, C,; G, R)

by the clear limit

V,, (G, R)-V. ZZW“ (9.1:G. R)-

hmvll(G R) = lim 2 o

b
Gooo IV G IV
opt opt

1 R G
Vi, (G, R)-V. RG22 (016 R)-V,,
—hmV“(G R)=lim— =

H
R—w |\/
opt

I LT q
[p 1_p]'|:h1 h12 . 1_q _Vopt VIR
— 21 22 — opt opt _ 0 ) (38)

|Vopt |Vopt

For applying the concept of the PSST in real 2x2 -games there in MATLAB 7.0.1 had been programmed the module
psst2by?2 (figure 1) for computing the matrix (37) and further solving the obtained 2x 2 -game. This module works
in the purport, that for any 2x2 -game with the empty set of saddle points in pure strategies there in MATLAB 7.0.1
Command Window are returned the solution (1), (2), (8), the number d as the PSST period, randomly formed PSST
for each player, the normed averaged first player payoffs (29), (31), (33), (35) for the input initially G and R, and the
solution of the 2x2 -game with the matrix (37). It should be marked, that instead of G there is possibility to input the
range of the changing G by entering two natural numbers as MIN_TotalPlaysNumber and
MAX_TotalPlaysNumber, where the first number is not greater than the second. Entering two equal numbers means
that the investigation will be carrying for the single value of the game plays G . As for the rest two arguments of the
module psst2by?2, then PayoffMatrix is the matrix (3), and Real i zations is the number R .
As an example, the solution of the 2x 2 -game with the matrix

[8 2 39
11 14 (39)

is (figure 2, figure 3)

P=[p, m]=[p 1-p]=[p 1—@]{% %} @)
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Q=[q, a]=[a 1-4]=]

o]l
—_
|
o]l
[l
I

\MATLAB7pOp1work',psst2byz.m =lof x|

Filz

Edit Text Cell Tools Debug Deskbop  Window  Help

(41)

DS H| =B o | &8 F

aﬁ|ﬂﬂm@ﬂ|aac§|8&._vl

e
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Y Y S S S S A o S O SO 0B P R FC T TS TS SR VB VRN SURN SURN SUT SUJY S Y S SO SURNY (O SO S U U
L I s B T B I L xR = VT Y - I 5 T R T I« S = Ty (Y - B G O o ¥ O S = N ) Y O T o8

function [] = psstzZbyi (PayoffMatrix, MIN TotalPlavsHNumber, MAX TotalPlaysiuwber, Realizations) =

% Inwvestigation for the Tactics of the Pure Strategies Selection in the 2-hy-2 Matrix Game

- format rational

- rand('stace', sum(l00%zlock)] )

- [3lopt, SZopt, Viowl, Vupl, OM3]=sp (PayoffMatcrix):
- 1f OM3==

- error (' There could not be applied any Tactics of the Pure Strategies Selection a=s this o

- end

- Vopt=Slopt*PayoffMatrix*SZopt':

- [Slopt_num Slopt_den]=numden(sym(3lopt) ]

- [S2opt_num SZopt_den]=numden(sym(3Zopt) )

- Slopt_den=single (3lopt_den);

= Slopt_nuw=single (Slopt_num);

- SZopt_den=single (SZopt_den);

- Szopt_num=single[SZDpt_num]4

- RegularTacticsPERIOD=1lcwm|lem (3lopt_denil), 3Jlopt den(Z)), lom(SZopt den(l), JZopt _den(Z)])
= P1PSS_TACTICS=zeros(l, RegularTacticsPERIOD) !

- while swuw (F1P35 TACTICS)~=floor (3lopt(l) *RegularTacticsPERIOD)
- P1P35 TACTICS=rand(l, RegularTacticsPERICD)»>1-Sloptil):
- end

- PLP33_TACTICS

= PZPSS_TACTICS=zeros(l, RegularTacticsPERIOD) !

- while sww (FZP35_ TACTICS)~=floor (3Zopt(l) *RegularTacticsPERIOD)
- PZP35 TACTICS=rand(l, RegularTacticsPERICD)»>1-SzZoptil):
- end

- PZP33_TACTICS

- TotalFlaysiaaierRange=[MIN TotalPlaysNuwber:HMAX TotalF layshauier]:

- GameWalue 11 MELN=zercs(Realizations, MAX TotalPlaysluwber-MNIN TotalPlaysMNuwber+l):

- GameWalue 11 MELN relative=zeros (Realizations, MAX TotalPlaysNuwber-HIN TotalF layshauaier+1) )
- GameWalue 00 MELN=zercs(Realizations, MAX TotalPlaysluwber-MNIN TotalPlaysMNuwber+l):

- GameWalue 00 MELN relative=zeros (Realizations, MAX TotalPlaysNuwber-HIN TotalFlayshauaier+1) )
- GameWalue 01 MEAN=zercs(Realizations, MAX TotalPlaysluwber-MNIN TotalPlaysMNuwber+l):

- GameWalue 01 MELN relstive=zeros (Realizations, MAX TotalPlaysNuwber-HIN TotalFlayshauaier+1) )
- GameWalue 10 MEAN=zeros (Realizations, MAXZ TotalPlaysluwber-NIN TotalPlaysHNumber+l):

- GameWalue 10 MEALN relative=zeros (Realizations, MAX TotalPlaysNumber-HIN TotalFlayshwnbier+1);

- for current realization=l:Healizations

- TotalPlaysHwnber counter=0;

- for TotalPlayshumber=TotalP laysumber Range

- TotalFlaysiwnbher counter=TotalPlaysHNumber counter+l;
- if remicurrent realization, 1000)==

- current reslization

- TotalPlayshankber

- end

- P1P353_TACTICS WHOLE=repmat (F1F35 TACTICS, 1, 1+4fix | (TotalPlaysNuber-1) fRegularTactics
- PZP35_TACTICS WHOLE=repmat (PZFP35 TACTICS, 1, 1+4fix | (TotalPlaysNuber-1) fRegularTactics

- for PlayNumber=1:TotalP laysumber

s

| psstaby2 |ln 16 Col 28 |ovR

Figure 1. The program module psst2by2 window in MATLAB 7.0.1 M-file Editor

12
v, =BWQT=[p 1—p]| " M || 4| [ o] 2 |19]_110
on hy h,|[1-a] [19 19][1 14| 7| 19
19

(42)

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty
of Khmelnytskyy National University / 2008, N. 1



Applied Math

_ioix
Fil=  Edit Debug Desktop Window Help
= B o o 8 o | % | curentDrectory: [EmaTLaBTR0N ok =1 .
>> p=floor (15*rand (2] ) =]
5

= 2

1 14

=> pastibyeip, 5, 8, 50)
Payoff matrix=

=] 2
1 14

There are no saddle points in this matrix.

Vilow=F(1,2]=2
Yup=F (1, 1] =5

Optimal mixed strategies:

Slopt=
13/19 6419

F2opt=
12719 7419

Optimal game wvalue:

Vopt=
110/19
FegularTacticsPERIOD =
19
P1P33 TACTICE =
Coluwns 1 through 6

1 1 1 1 1 u]
Coluwns 7 through 12

u} u} 1 1 1 1
Coluwn=s 13 through 18

u} 1 1 u] 1 1
Coluwn 19

u}

P2P33 TACTICS =
Coluwn=s 1 through &

1 1 u] u] 1 1

Columns 7 through 12
1 u} u] u] 1 1

Coluwns 13 through 18 o
1 1 1 1 1 u]

Columwn 19

o el

# start 4

Figure 2. The solution of the game with the randomly formed payoff matrix (39)
in the accomplishment of the module psst2by2 in MATLAB 7.0.1 Command Window for this matrix

with G =8 and R=50
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_{ol x|
Fil=  Edit Debug Desktop ‘Window Help
[l | & Bs B8 o o |8 f | 2 | curentDrectory: |EwaTLABTp0p! Wvork =1 .
[

Optimal gsme wvalue:

Vopt=
110719
FegqularTacticsPERICD =
19
P1P35 TACTICE =
Columns 1 through o6

1 1 1 1 1 u]
Columnhs 7 through 12

o 0 1 1 1 1
Column=s 13 through 18

u] 1 1 o 1 1
Column 19

u]

P2P353 TALCTICE =
Column=s 1 through &

1 1 u} o 1 1
Columns 7 through 12

1 u] u} o 1 1
Columns 13 through 18

1 1 1 1 1 u]
Column 19

u]

GameValue 11 MEMN relative TOTALMELN
0.0635651581515158

GameValus 00 MEAN relatiwve TOTALMEAN
-0.05000000000000

GameValue 01 MEM relative TOTALMEALN
-0.04:222727272727

GameValue 10 MEAMN relatiwve TOTALMELN
0.02297727272727

the second line corresponds to the stochastic P3IST of the first player,
the first coluwmn corresponds to the OFRE of the second plaver,
and the second line corresponds to the stochastic P33T of the second player:

Payoff matrix=

0.064 0.023
-0.042 -0.05

Viiow=Vup=0.022977
Slopt=31_1
SZopr=3Z_Z

}}|

Kl |
4l§tart|

The new Z-hby-2 game, where the first line corresponds to the OPR of the first pl

%, I_|4|

Figure 3. The final results of the accomplishment of the module psst2by?2 in MATLAB 7.0.1 Command Window
for the randomly formed payoff matrix (39) with G =8 and R =50

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty
of Khmelnytskyy National University / 2008, N. 1




Applied Math

It is seen from the figure 3, that the final results of the accomplishment of the module psst2by2 give the saddle point
for the matrix (37), that is for improving one’s situation the first player may apply the value (6), while the second may
apply its specified PSST. Nevertheless, if the 50 series by the 8 plays would end like this, the first player would have
the final advantage, as the determined saddle point is positive. But clearly, that v, (G, R), v,(c,;G,R) and

Vo (€3 G, R) are the values of some variates, as they are determined through the variates p, and q,. And the number

Vo (€1, €3 G, R) is not a variate as it depends on the specified PSST ©,(c,) and ©,(c,). So, the obtained result is

random, though for the greater number of realizations R there may display some stable features. Some of them concern
the fact that the players should never apply simultaneously their cyclical PSST, as this causes the disadvantageous
normed averaged payoff for one of the players. On the figures 4 — 10, been print-screened after the accomplishment of
the module psst2by?2 in MATLAB 7.0.1 Command Window for the randomly formed payoff matrix (39) with G =8

and R =350000, and on the figures 11 — 13, been print-screened after the accomplishment of the module psst2by2

in MATLAB 7.0.1 Command Window for the randomly formed payoff matrix (39) with G =8 and R=10°, the said fact

is stated with the inequality

|v00(c1, c,; G, R)| > max{|v,1 (G, R)| |v|0(cz; G, R)| |v01(c1; G, R)|}

by some randomly specified PSST ©,(c,) and ©,(c,).

=

Fle Edt Debuy Deskiop Window Help

(43)

=

] ﬁ‘ & B o o ‘ﬁ ﬂ“ % | Currenit Directory: | EMATLABZp0p wwork

EilHE]

Fle Edt Debug Deskop Window Hep
0= & B oo o | B e | 7| comentDiectory, [EmaT AR p0ptwork =

PAFOEE matrix=

-0.0011 0.00064
0.00088  -0.028

There are no saddle points in this matrix.

Vlew=F(1,1j=-0.0011032
Vup=F (1,2} =0.00064015

Optimal mixed strategiss:

Slopt=

7577/8028 451/6028
S2opt=

4517482 578/6987

Oprimal game value:

Wopt=
-42/42349

= =
1| | »

Hstan| 7

The new z-by-Z game, vhere the first line corresponds to the OPR Of the first pli ] B
the second line corresponds to the stochastic PSST of the first player, current_realization =
the first column corresponds to the OPR of the second plager, s0000
and the second line corresponds to the stochastic PS3T of the second player: TotalPlaysiunber =
&

GameValue_11_MEAN_relative TOTALMEAN =
4.168161818195120e-005
GameValue 00 NEAN relative TOTALMEAN =
-0.15795454545442
GameValue 01 NEAN relative TOTALMEAN =
-6.035563636362211e-004
GameValue_10_ MEAN_relative TOTALMEAN =
0.00100593151818

The new 2-by-2 game, where the first line corresponds to the OPR of the first pl:
the second line corresponds to the stochastic PSST of the first player,
the first column corresponds to the OPR of the second plager,
and the second line corresponds to the stochastic PSST of the second player:

Payoff macrix=

4.2e-005 0.001
-0.0008 -0.16

Vlow=Vup=4.1682e-005
Slopr=51_1

S2opr=52_1
> | ~
4 | >

Hstan| 7

Figure 4

_Iojx

Fle Edt Debup Deskiop Window Help

Figure 5

_Iojx

[} ﬁ‘ % B oo ‘ﬁ ﬁ‘ 4 | Currerit Directory; | £ MATLABZR0R wwork

&

Fle Edt Debug Deskiop WWindow Help
=[]

GameValue_11_MEAN relative TOTALMEAN =
2.895454545455880e-00%

GameValue 00 MEAN relative TOTALMEAN =
0.07954545454549

GameValue D1 MEAN relative TOTALMEXN =
5.4993181681818058=-004

GameValue_10_MEAN relative TOTALMEAN =
-6.0259090909080142-004

The new 2-by-2 game, where the first line corresponds to the OPR of the first pl
the sscomd line corresponds to the stochastic PSST of the first plaver,

the first column corresponds to the OPR of the second plager,

and the second line corresponds to the stochastie PSST of the second player:

Payoff matrix=

0.00028  -0.0006
0.00055 0.08

Vlow=Vup=0.00054993
Slopt=51_z
szopr=s52_1

> | -
4] | »

Az 4

[} ﬁ‘ % B oo ‘ﬁ ﬁ‘ 4 | Currerit Directory; | £ MATLABZR0R wwork

TOTHTFT TOTHTFT
] 2l ] 2l
current_realization = current_realization =
50000 50000
TotalPlaysunber = TotalPlaysunber =
8 8

GameValue_11_MEAN relative TOTALMEAN =
—4.406550909085629e-00%

GameValue 00 MEAN relative TOTALMEAN =
0.07954545454549

GameValue D1 MEAN relative TOTALMEXN =
0.00236140909091

GameValue_10_MEAN relative TOTALMEAN =
-7.1572727272721922-004

The new 2-by-2 game, where the first line corresponds to the OPR of the first pl
the sscomd line corresponds to the stochastic PSST of the first plaver,

the first column corresponds to the OPR of the second plager,

and the second line corresponds to the stochastie PSST of the second player:

Payoff matrix=

-0.00044 -0,00072
0.002% 0.08

Vlow=Vup=0.0023614
Slopt=51_z
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The new 2-by-2 game, where the first line corresponds to the OPR of the first pli
the second line corresponds to the stochastic PSST of the first player,
the first column corresponds to the OPR of the second plaver,
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Therefore in realizing the solution (40) — (42) in action, one of the players should certainly apply the known
methods of practicing the optimal mixed strategy [1, 2], which mainly based on the calculation of the values (6) and (7).
What is more, that the player must be aware that if it applies a PSST then by the other player applying a PSST there is a
risk of a great averaged loss for one of them. Such a risk is evinced clearly when the new 2x2 -game (37) has the
empty set of saddle points in pure strategies, and the players should apply the mixed strategies in this peculiar
metagame. For print-screened instances, it is well seen from the figures 4 and 12, that when the first player risks with
applying a PSST, then it may lose normally 0.028 or 0.16 in particular. The second player, as it is on the figure 8, with
applying some of its PSST may lose up to 0.1. But the shown in the figures 4 — 13 results are random, as well as the
PSST application by a player, seen from the figures 6, 7, 9 — 11. Though, for knowing in advance what PSST a player
will apply, the other player may compute the value v, (cl, c,; G, R) and, actually, the matrix (37), and make a decision

whether it applies own PSST or practices the optimal mixed strategy, based on the calculation of the values (6) and (7).
As an example, if in the game with the matrix

W:[o 5} (44)
6 -3
and the solution
- _ _ _ |9
P:[pl p2]:[p1 1_p1]:[p 1_p]: ﬁ %:‘: (45)
= e o _ _ _ . [4 3
Q:[Q1 qz]:[ql 1_q1]:[q l_q]: 7 7:|’ (46)
— AT _Tn _~.h11 12 __q _
Vopt_PWQ [p 1 p] |:h21 22:| _1_qi|_
4
_{2 i} 0 5 17125 (47)
L4 alle 3]3) 70
7

the first player certainly knows that the second will apply the PSST

0,(1)=[0,,(1) 0,(1) ... 0,,5(1) 0,,(1)]=

sl 1 11111100000 0]eR” (48)

for the planned preset number of plays G =10, then the first player may compute, what exact of the C;, =2002 PSST
gives the greatest positive number Vy, (c,, C,; G, R) . And of course, it is remarkable that here the result does not depend
on the number of realizations R as the value vy, (c,, c,; G, R) is not a variate.

If the first player applies the PSST

©,(1)=[0,(1) 6,(1) ... 0,5(1) ,,(1)]=

=sf 11111111000 0 0eR” (49)

then it loses normally 0.91 (figure 14). If it applies the PSST

®1(u1)=[911(u1) 912(“1) e1,13(“1) 61,14(u1):|=

=001 1101011101 1eR" (50)

by 1<u, <2002 without calculating the number U, , then the first player gets the normed averaged payoff 0.59 (figure
15). Though, with a slight change of PSST into the form

@1(U2)=|:911(u2) elz(uz) el,lS(UZ) e1,14(“2):':
=l 011101011101 0erR” (51)

Collection of Scientific Papers of Applied Math and Computer Technologies Faculty
of Khmelnytskyy National University / 2008, N. 1
11



Applied Math

il il

Fle Edt Debug Destop Window Help Fle Edt Debug Destop Window Help
0 & ‘ b BB o o | W ‘ ¥ ‘ Current Cirectory: | EMATLABTpOp1 wvork ;IJ 0 & ‘ b B o o | W ‘ ¥ ‘ Current Cirectory: | EMATLABTpOp1 wvork ;IJ
P2PSS_TACTICS = » Colums 6 through 10 E
Colwms 1 through 10 1 1 1 o o
1 1 1 1 1 1 Columns 11 through 14
Colwms 11 through 14 o o o o
o 0 o 0 GemeValue_11 HEMY relative TOTALMEAN =
GameValue_11_NEMN relative TOTALMEAN = ~0.4B666655666667
0.944666666666667 Gamevalue_DD_}{EAN_rela\:1ve_TOTLLl{EM\I =
GameValue_00 MEMN relative TOTALMEAH = 0.58666666666667
~0.50EEEEEEEEEET GemeValue_01_WEAN relacive TOTALMEAN =
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The new 2-by-2 game, where the first line corresponds to the OPR of the first pl

The nev 2-hy-2 game, where the first line corresponds to the OFR of the first pl the second line corresponds to the stochastic PSST of the first player,
the second line corresponds to the stochastic PSST of the first player, the first column corresponds to the OPR of the second player,
the first column corresponds to the OPR of the second player, and the second line corresponds to the stochastic PSST of the second player:

and the second line corresponds to the stochastic PSST of the second player:
Payoff matrix=
Payoff matrix=
-0.45  -0.087

0.45 0.21 -0.49 0.59
-0.02 -0.91
Vlow=Vup=-0.48667
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Figure 14 Figure 15

by 1<u, <2002 without calculating the number U, # U, , the first player reduces its normed averaged payoff down to
0.31 (figure 16). However, with applying the PSST

©,(2002)=[6,,(2002) 6,,(2002) ... 6,,5(2002) ©,,,(2002)]=
=s0000011111111 1]eR” (52)

the first player gets the normed averaged payoff 0.87 (figure 17), that is for every series of G =10 plays of the game
with the matrix (44) the first player will get the averaged payoff equal to 4 instead of the optimal game value (47).

il i

Fle Edt Debug Deskiop Window Help Fle Edt Debug Deskiop Window Help
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Colunns & through 10 the second line corresponds to the stochastic PSST of the first player,
1 1 1 o o the first column corresponds to the OPR of the second player,
Colunms 11 through 14 and the second line corresponds to the stochastic PSST of the second player:
o 0 o 0
GameValue_11_MEMN relacive TOTALMERN = Payoff matrin=
-0.25339999333333
Game¥alue_O0_MEMN relacive TOTALMERN = 0.21 -0.91
0.30666666666667 0.027 0.87
GameValue_01_MEMN relative TOTALMERN =
~0.34666666666667 There are no saddle points in this wacrix.
GemeValue_10_MEMN relative TOTALMERN =
-0.25333333333333 V1ow=P(2,1)=0.026667

Wup=F (1,11=0.21333
The new 2-by-2 game, where the first line corresponds to the OPR of the first pl

the second line corresponds to the stochastic PSST of the first player, Optiwal wixed strategies:
the first column corresponds to the OPR of the second player,
and the second line corresponds to the stochastic PSST of the second player: Slope=
3/7 /7
Payoff matrixz=
FZopr=
-0.25 -0.25 19721 z/z1

-0.35 0.31
Cptimal geme value:
V1low=tup=-0.25333
Slopt=81_1 Vopt=

Szopr=52_1 8/75

> - > -
4 | » 4 | »

B 4 B 4

Figure 16 Figure 17

But as the second player digresses from applying the PSST (48), and starts applying the stochastically formed
PSST, then the first player with PSST (52) may lose as exampled on the figures 18 and 19. In the case shown with the
figure 18, the first player would lose the normed averaged payoff 0.63, but in the case shown with the figure 19, the
first player would lose the greater normed averaged payoff, equal to 0.81. The similar occurrences are shown with the
figures 20 and 21.

Nevertheless, in general, the most reliable way is to hold by the calculation of the values (6) and (7), that is
directly corroborated with the figures 5 and 13, and, by implication, with the figures 4, 8 and 12, where the great
optimal probabilities of holding by the calculation of the values (6) and (7) mean that this holding is almost the
statistically defined event.
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Conclusion paragraph

As the print-screened figures have demonstrated, for realizing the optimal mixed strategies in the 2x2 -game
each of the players should use a method of stochastic selection of the pure strategies. The conception of applying the
pure strategies selection tactics in real 2x2 -games with the empty set of saddle points in pure strategies is intended for
those games, where one of the players had planned in advance to select its pure strategies by some schedule. This
schedule may be called the PSST of that player. And then the other player, if knowing in advance or understanding
partially that schedule, may compute some own PSST, that will give after the game end the normed averaged payoff

Vo (€15 €55 G, R), which must be positive or negative for the first or the second player respectively. Such games are

typical for the systems or processes, when one of the players is not a person, but, say, is the nature or something
inanimate. And the main task, arising in it, is for the person to foresee the schedule of the pure strategies selection by
this inanimate one, that will be restated into the corresponding PSST of the inanimate. After this procedure there
remains a problem of the decision-making theory — just to find the optimal PSST of the person for applying it further.
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